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 The general semiclassical time-dependent two-state problem is considered for a 
specific field configuration referred to as the generalized Rosen-Zener model. This is a rich 
family of pulse amplitude- and phase-modulation functions describing both non-crossing and 
term-crossing models with one or two crossing points. The model includes the original 
constant-detuning non-crossing Rosen-Zener model as a particular case. We show that the 
governing system of equations is reduced to a confluent Heun equation. When inspecting the 
conditions for returning the system to the initial state at the end of the interaction with the 
field, we reformulate the problem as an eigenvalue problem for the peak Rabi frequency and 
apply the Rayleigh-Schrödinger perturbation theory. Further, we develop a generalized 
approach for finding the higher-order approximations, which is applicable for the whole 
variation region of the involved input parameters of the system. We examine the general 
surface ),( 1000 δδnn UU = , const=n , in the 3D space of input parameters, which defines 
the position of the n -th order return-resonance, and show that for fixed 0δ  the curve in 
},{ 10 δnU  plane, i.e., the const0 =δ  section of the general surface is accurately approximated 
by an ellipse which crosses the nU 0 -axis at the points n±  and  1δ -axis at the points 11δ  and 
12δ . We find a highly accurate analytic description of the functions ),( 011 nδδ  and ),( 012 nδδ  
as the zeros of a Kummer confluent hypergeometric function. From the point of view of the 
generality, the analytical description of mentioned curve for the whole variation range of all 
involved parameters is the main result of the present paper. 
 
 
 The general semiclassical time-dependent two-state problem [1,2] is written as a 
system of two coupled first-order differential equations for probability amplitudes )(1 ta  and 
)(2 ta  of the first and second states, respectively, containing two arbitrary real functions of 
time, )(tU  (amplitude modulation; 0>U ) and )(tδ  (phase modulation): 
  2
1 aeU
dt
dai iδ−= ,   12 aeUdt
dai iδ+= . (1) 
When discussing the excitation of an effective two-state quantum system by an optical laser 
field, the amplitude modulation function )(tU  is referred to as the Rabi frequency and the 
derivative dtdtt /)( δδ =  of the phase modulation is the detuning of the laser frequency from 
the transition frequency.  Below, we discuss the following field configuration 
  2100 ))((sech)(),(sech)( tttUtU t δδδ +==   (2) 
with constant 00>U , 1,0δ . We refer to this model as the generalized Rosen-Zener model 
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because it includes the original constant-detuning Rosen-Zener model [3] as a particular case 
when 01 =δ . The time-variation shape of the detuning for several values of the parameter 1δ  
is shown in Fig.1. As it is seen, this is a rich family describing both non-crossing and term-
crossing models with one or two crossing points. The detuning does not cross zero if 
0/ 10 <− δδ  or 1/ 10 >− δδ , while at 010 =+δδ  it touches the origin and there exist two 
crossing points located at ]/[arcsech 10 δδ−±=t  if 1/0 10 <−≤ δδ . Finally, we note that 
the particular case 00 =δ  is an exceptional one since then the detuning asymptotically goes 
to zero as ∞→ t . 
 
 
Fig.1. Generalized Rosen-Zener model defined by Eq. (2): 75.00 =U , 10 =δ . 
 
 
 System (1) is equivalent to the following linear second-order ordinary differential 
equation 
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The transformation of the independent variable 2/))(tanh1( tz +=  reduces this equation to 
the confluent Heun equation [4] 
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If 01 =δ , this equation is reduced to the Gauss hypergeometric equation. Accordingly, the 
solution satisfying the initial conditions 1)(1 =−∞=ta , 0)(1 =−∞=′ ta  discussed here is 
written as 
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from which the known formula by Rosen and Zener [3] for the final transition probability to 
the second state 
2
2 )(ta  is derived: 
  200 ))2/(sech)(sin( δππ UPRZ = . (6) 
This formula states the known π - theorem [1,2] according to which the system returns to the 
initial state )0,1(),( 21 =aa  if nU =0 , Nn ∈= ...2,1,0 . Note that if the population inversion 
(i.e., a total transition to the second state) is discussed, the situation is different. The 
peculiarity here is that the system is completely inverted only at exact resonance, 00 =δ . 
Furthermore, it is seen that the maximal transition to the second state allowed for the given 
fixed value of the detuning is achieved at nU += 2/10 . It should be noted that the return-to-
the-initial-state theorem comes already from the discussion of the Rabi box-model with 
constant amplitude and detuning modulations [5]. Furthermore, the solution of the problem 
for the exact resonance case reveals that for any pulse of duration T  the transition probability 
is given as 2))(sin(~ Ap , where ∫=
T
dttUA
0
)( , i.e., A  is the area under the pulse envelope. 
This formula shows that, indeed, the transition probability vanishes when A  is a multiple of 
π  and for half-integer multiples of π  we get a complete population inversion. It was 
conjectured that this is a general property. However, the close inspection has revealed that in 
general this is not the case. Both the statement concerning the inversion and the one regarding 
the return are violated for asymmetric pulses while for symmetric pulses the return property 
survives with a changed value of the pulse area (see, e.g., the discussion of this point in [6]). 
Qualitatively the same picture is observed when a quadratic-nonlinear extension of the two-
state approximation is discussed in the framework of two-mode photo- or magnetic-
association of ultracold atoms in degenerate quantum ensembles [7]. 
 When inspecting the conditions for returning to the initial state at the end of the 
interaction with the field, we note that the additional boundary condition 1)(1 =+∞=ta  
together with the initial conditions defines an eigenvalue problem for the peak Rabi 
frequency 0U  that can be written as 
  ( )
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010 12ˆ −−=− δ , (7) 
  1)(1 =−∞=ta ,   0)(1 =−∞=′ ta ,   1)(1 =+∞a , (8) 
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where the operator 0Hˆ  stands for the standard constant-frequency Rosen-Zener model: 
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 Having at hand the solution of the problem for the Rosen-Zener case with the 
eigenfunctions of the problem given by equation (5) and eigenvalues nU =0  one may apply 
the Rayleigh-Schrödinger perturbation theory to examine, approximately, the behavior of the 
system for non-zero 1δ , at least, for small 1δ . Thus, we suppose that 1δ  is small enough and 
for the n th-order complete return case apply the expansion 
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where, according to Eq. (5), 
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Equation (7) then reads 
 
( )
( ) )...)2()2((12
)...)2()2((..))2()2((ˆ
2
2
11111
2
2
11112
2
111
2
0
+−+−+−−=
+−+−++−+−+−
uiuia
zd
dzzi
uiuiaUiUinH
RZn
RZn
δδδ
δδδδ
 (13) 
so that equating the terms at equal powers of 1δ  we obtain 
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and so on for higher orders. Eq. (14) is, of course, automatically satisfied for any n . Now, to 
treat Eq. (15) for 1u , we apply an expansion in terms of functions RZna1 : 
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Note now that the functions RZna1  are orthogonal in the interval ]1,0[∈z  with the weight 
function 2/)1(2/)1( 00 )1()( δδ ii zzzw +−−− −= : 
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where nmδ  is the Kronecker delta and nC  is a constant. Substituting then expansion (17) into 
Eq. (15), multiplying the resultant equation by RZmazw 1)(  and integrating over the interval 
]1,0[∈z  we obtain 
  ∫ −+=−
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Taking here nm =  we get the first correction for the Rabi frequency:  
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and for nm ≠  we determine the coefficients of expansion (17): 
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 In the first approximation, according to Eq. (11), the Rabi frequency supporting the 
return of the system to the initial state is given as 11
2
0 2 UinU n δ−= . Calculation of the 
integrals involved in Eq. (20) leads to the following simple final result 
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Numerical simulations show that this is a satisfactory approximation as long as the parameter 
1δ  is small compared with 
22
0 nU = . However, at large 0δ  and 1δ , one needs a more 
accurate result, especially, for lower-order return resonances. For this reason, we calculate the 
next correction term 2U  using Eq. (16). Again, applying for 2u  the expansion 
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and multiplying the equation by RZmazw 1)(  with nm =  and integrating we obtain 
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Since nnn VCU =− 1 , for the second-order correction to the Rabi frequency we obtain 
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 Unfortunately, the integrals involved in this sum are not calculated analytically. 
However, we will now show that the final sum itself can be calculated with remarkably high 
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accuracy using a different approach. The crucial observation here is that the result of the 
second-order approximation can be rewritten as a bilinear form with respect to nU0  and 1δ : 
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where the functions ),( 01111 nδδδ =  and ),( 01212 nδδδ =  are the roots of the equation 
0)2()2( 2
2
111
2 =−+−+ UiUin δδ . For a fixed 0δ  Eq. (26) defines a second-degree curve in 
the },{ 10 δnU -plane, which in our case may be an ellipse or parabola. In order to find the 
functions 11δ  and 12δ  which define the actual form of the curve, we explore the limit 
00 →U  of the problem for vanishing but non-zero 0U . Note that the axis 00 ≡nU  
corresponds to the non-physical case of an interaction without a laser field. Mathematically, it 
is seen that the axis 00 =nU  presents a degenerate case when each point of the axis satisfies 
the return condition 1)(1 =+∞a  because the solution of the problem in this case is 1)(1 ≡ta . 
It is for this reason that one should explore the vanishing limit 00 →U  for non-zero 0U . 
 Considering the last term in Eq. (4) as a perturbation and applying the method of 
variation of constants, we find that the solution of the problem in the limit 00 →U  satisfying 
the applied initial conditions in the first approximation is written as 
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where ( ))1/()( 20 −= zzUzF  and W  is the Wronskian of fundamental solutions 
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of the homogeneous equation, i.e., Eq. (4) when 0U  is put equal to zero. Note that 
zdydW /2= . The first integral involved in Eq. (27) is symmetric with respect to the change 
zz −→1 , hence it vanishes in the limit 1→z  ( +∞→t ). Further, it can be shown that for 
1=z  the last term in Eq. (27) is written in terms of the Kummer confluent hypergeometric 
functions. The final result reads 
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From here, we conclude that in the limit of infinitesimally small but non-zero 0U  complete 
return occurs if  
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Hence, the functions ),( 01111 nδδδ =  and ),( 01212 nδδδ =  are the roots of this equation. Note 
that though we have used a perturbation approach, however, due to the applied limiting 
procedure the result, Eq. (30), is exact. 
 The zeros of the hypergeometric function of Eq. (30) have been studied by many 
authors. A review on this subject is presented in [8]. For a fixed 0δ  there exists infinite 
sequence of pairs },{ 1211 δδ  each of which corresponds to a particular return-resonance of 
some order Nnn ∈, . And for fixed 0δ  and n  the pair },{ 1211 δδ  is unique. An important 
property of the zeros is that for any n  holds ),(),( 012011 nn δδδδ −−=  so that the two roots, 
11δ  and 12δ  always have different signs. With this observation, we conclude that for fixed 
finite 0δ  and n  the curve in },{ 10 δnU  plane defined by Eq. (26) is an ellipse, which crosses 
nU 0 -axis at the points n±  and  1δ -axis at the points 11δ  and 12δ . The upper half-ellipses for 
several values of 0δ  for the first resonance 1=n  are shown in Fig. 2. These curves are the 
const0 =δ sections of the general surface ),( 100101 δδUU =  defining the position of the first 
return-resonance. This surface is shown in Fig. 3. From the point of view of the generality, 
the analytical description of this surface for the whole variation range of all involved 
parameters is the main result of the present paper. 
 
 
 
Fig.2. The ellipses defined by Eq. (26) for 1=n  and several 0δ . 
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 Fig.3. The surface ),( 1000 δδnn UU =  defined by Eq. (26) for 1=n . 
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